Main Result and Consequences
Throughout this paper, let F denote a field. We recall the definition of the groups K n F (n 1) of Milnor K-theory, introduced in [4] : for n 1, let K n F be the Abelian group generated by elements {a 1 , . . . , a n } (a 1 , . . . , a n ∈ F × ), called symbols, which are subject to the only relations that {a 1 , . . . , a n } be zero whenever a i + a i+1 = 1 in F and that { * , . . . , * } viewed as a function (F × ) n → K n F be multilinear. The group operation in K n F is written additively. As a consequence of the defining relations, one has, further, for a 1 , . . . , a n ∈ F × , that {a 1 , . . . , a n } = 0 if a i + a i+1 = 0 for some i < n and that {a σ (1) , . . . , a σ (n) } = sgn(σ ){a 1 , . . . , a n } for any permutation σ ∈ S n with signature sgn(σ ) ∈ {+1, −1} (cf. [4, Lemma 1.3 and Lemma 1.1]).
With the convention K 0 F := Z, the group K * F := i 0 K i F has a natural structure as a graded Z-algebra. Furthermore, if L/F is an arbitrary field extension, then the natural group homomorphisms K n F → K n L (n 0) and the induced ring homomorphism K * F → K * L turn K * L into a K * F -algebra. THEOREM 1.1. Let E/F be a finite field extension such that E = F (θ) for some θ ∈ E. The group K n E is generated by the symbols {f 1 (θ), . . . , f n (θ)} where
The proof of this statement will be achieved at the end of Section 2. We first want to discuss its consequences. The following corollary can be considered as the main statement of this article: COROLLARY 1.2. Let E/F be a finite separable extension and let m denote the integral part of log 2 
The equality in the statement can be rephrased by saying that K n E is generated by those symbols {a 1 , . . . , a n } (a 1 , . . . , a n ∈ E × ) where a 1 , . . . , a n−m lie in F . This is actually what we are going to show.
Proof. By the 'primitive element theorem' there exists θ ∈ E such that E = F (θ). Theorem 1.1 then implies that K n E is generated by the symbols
In Section 3 we will see that, in general, the choice of the value for m in Corollary 1.2 is best possible.
At least when E/F has no nontrivial subextension (e.g. when [E : F ] is prime), the hypothesis in Corollary 1.2 that the extension E/F be separable is superfluous, since the existence of θ such that E = F (θ) then is evident. In particular one has (Merkurjev) . Let E/F be a field extension of degree 2 or 3 and
Proof. As just explained, we have
Examples of finite field extensions E/F where K n F/ l · K n F = 0 while K n E/ l · K n E = 0, for given l, n ∈ N, are easy to obtain. One way of constructing such examples will be explained in the third section. By this fact together with the last corollary we are lead to QUESTION 1.4. Let E/F be a finite field extension and l, n ∈ N. Assume that
Note that the problem can be easily reduced to the case where l is prime. In the rest of this section we compare the above corollaries with the results of Leep in [2] which inspired the present investigation.
We assume that char(F ) = 2. 
As an immediate consequence we get
in the graded Witt ring of E. On the other hand, the last equation can also be deduced from Corollary 1.2 using the natural homomorphism K n F →Ī n F . (Indeed, one applies Corollary 1.2 to E 0 /F where E 0 is the separable closure of F in E and observes thatĪ n E 0 →Ī n E is surjective, as explained in [2, Section 2].) One can ask whether equalities (1) and (2) 
On K K K n n n of a Rational Function Field
We will obtain Theorem 1.1 at the end of this section as a consequence of an observation which gives generators for certain subgroups L d of K n F (X), where F (X) is the rational function field in one variable over F (Proposition 2.3). To carry this information on F (X) down to the finite extension E = F (θ) of F we use a surjection K n F (X) → K n E, which has been considered by Milnor. In order to shrink the set of generators for those groups, we will use a degree reduction argument which is based on the division algorithm for polynomials together with the following rule:
Proof. By hypothesis we have
This shows the first equality of the statement, the second one is obvious.
We define a partial order on the set N n 0 in the following way: for two n-tuples . . . , e n ) where d 1 , . . . , d n , e 1 , . . . , e n ∈ N 0 , we write d e in case we have d i e i for 1 i n. Obviously, any nonempty subset of N n 0 has a minimal element with respect to this partial order. In the sequel, we implicitly refer to this partial order on N n 0 when we say that an element of N n 0 is minimal with respect to a certain condition. . . . , h, . . . , f n } shows that at least one of the last two symbols does not belong to L; by minimality of (deg(f 1 ), . . . , deg(f n )), one of g and h must be of the same degree as f i . This means that f i is irreducible.
(b) Observe that any change of the order of f 1 , . . . , f n leaves the symbol {f 1 , . . . , f n } unchanged up to a sign and therefore does not affect the hypotheses of the lemma. Hence, to prove (b) we may assume without loss of generality that i = 1 and j = 2.
Suppose now that deg(f 1 ) deg(f 2 ). Using the division algorithm, we may write f 2 = f 1 h + t with polynomials h, t ∈ F [X] where either t = 0 or deg(t) < deg(f 1 ). If t = 0 then {f 1 , . . . , f n } = −{−h, f 2 , . . . , f n }. On the other hand, if t = 0 then from Lemma 2.1 we obtain
and by the minimality of (deg(f 1 ), . . . , deg(f n )), the last three symbols lie in L.
In any case we conclude from {f 1 , . 
Proof. This is clear from the above proposition, since Proof. Let V be an arbitrary F -subspace of E of dimension strictly greater than l/2. We claim that every nonzero element of E is a quotient of two nonzero elements of V . Indeed, for x ∈ E\{0} the F -subspaces V and V x of E both have dimension greater than l/2, hence their intersection is not zero; in other words, there exist v, w ∈ V \{0} such that v = wx, i.e. x = v/w.
We apply this to the F -space V generated by 1, θ, θ 2 , . . . , θ
]}, the statement follows.
We are now ready to prove Theorem 1.1. Using the identification of E × with K 1 E, the last lemma actually corresponds to the case in Theorem 1.1 where n = 1.
We continue to consider a finite extension E/F such that E = F (θ) for some θ ∈ E. By the 'primitive element theorem', the last condition is satisfied whenever E/F is a separable extension. Let π be the minimal polynomial of θ over F . Any nonzero element of F (X) can be written in the form f/g · π z where f, g ∈ F [X] are polynomials not divisible by π and z ∈ Z. Associating to an element f/g· π z ∈ F (X) × the element f (θ)/g(θ) ∈ E defines a surjective map F (X) × −→ E × . This map induces a group homomorphism ψ n : K n F (X) −→ K n E, uniquely determined by the rules that ψ n ({f 1 , . . . , f n }) = {f 1 (θ), . . . , f n (θ)} if f 1 , . . . , f n ∈ F [X] are not divisible by π and that ψ n ({π, * , . . . , * }) = 0. The homomorphism ψ n depends on the choice of θ, its construction is due to J. Milnor [ 
Two Examples
The following proposition is a variant of [2, Proposition 3.1]. It gives an example of a separable field extension E/F such that the equality 
Proof. Part (a) should be clear. Letk denote an algebraic closure of k. It is clear that the n-fold Pfister form 1, −X 1 ⊗ · · · ⊗ 1, −X n stays anisotropic over E :=k ((X 1 )) F (X 1 , . . . , X n ).
We finish with a counter-example to a variation of Question 1.4 which might look more natural to ask at first sight. EXAMPLE 3.3. Let n 1 and let p be a prime. Suppose that F 1 is a field containing a primitive p-root of unity (in particular, not of characteristic p), having no cyclic extension of order p but having a Galois extension L/F 1 whose degree is divisible by p. Hence, there exists an F 1 -automorphism of L which is of order p. Let E 1 denote the subfield of L fixed by this automorphism. Then L/E 1 is a cyclic extension of degree p, in particular E 1 is not p-closed while F 1 is p-closed. For Note that a Galois extension E 1 /F 1 with the desired properties can be constructed without difficulties. Take a field F 0 of characteristic different from p with a Galois extension E 0 /F 0 having as Galois group the alternating group A m for some m max (5, p) . Write E 0 ∼ = F 0 [X]/(f ) with f ∈ F 0 [X]. We choose F 1 as a maximal algebraic extension of F 0 such that f is irreducible over F 1 and put E 1 = F 1 [X]/(f ). Then E 1 /F 1 is a Galois extension with group A m . Since A m is simple, this extension is linearily disjoint from any cyclic extension of F 1 . Hence, by its choice the field F 1 is perfect and has no cyclic extensions and, in particular, it contains a pth root of unity.
